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Introduction
Correct predictions of response of floating bodies in waves have
been of great interest in the field of naval architecture and ocean
engineering. Time-domain analysis based on potential-flow the-
ory remains a popular approach (see e.g., Vinje and Brevig, 1980,
Tanizawa and Naito, 1997, Van Daalen 1993, Wu & Eatock-
Taylor, 1996, Celebi & Beck, 1997), even though in many oc-
casions viscous effects cannot be ignored.

Roll response near its resonance condition, in particular, is
strongly affected by viscous damping, not only in terms of the
steady-state response amplitude, but also in terms of the stabil-
ity or boundedness of the response itself, as we will address in
this paper. It is possible to account for viscous effects but intro-
ducing damping in an empirical way (see, e.g., Himeno, 1981,
Cointe et al., 1990, Sen ,1993). Nonetheless, it would be highly
desirable to remove such empiricism by including the considera-
tion of viscosity at the outset of the flow problem. This has been
successfully pursued by Yeung and Liao (1999) in their FSRVM
(Free-Surface Random-Vortex Method) method. In this paper, we
explore the analysis and the computational basis of how the cou-
pled multiple-degrees of freedom response of a floating body can
critically depend on the presence of viscous damping.

The interesting phenomenon of Mathieu instability, arisen from
the coupling between heave and roll motion (Paulling and Rosen-
berg, 1959) is investigated. The effects associated with the pres-
ence of bilge keels and fluid viscosity on the response near a
“troublesome” resonant condition are addressed. The nonlinear
coupling between heave and roll is vital, thus the issue is very
much related to large-amplitude motion. A cylinder having inter-
esting geometrical properties is devised for both experiments and
computations. This cylinder is shown to be dynamically unstable
under certain conditions according to the Mathieu equation.

Nonlinear heave-roll coupling
It was known from the time of Froude (1863) that the coupling
between heave and roll can result in unstable ship motion. The
phenomenon was investigated experimentally and theoretically by
Paulling and Rosenberg (1959) for a ship undergoing forced oscil-
lation in heave with an initial roll angle. The instability is related
to the geometrical properties of a ship, the location of center of
gravity, and the amplitude of the heave motion. This instability in
roll is most likely to occur at the heave resonance frequencyωy
when the heave amplitude is sufficiently large.

Based on the equilibrium between inertia and restoring mo-
ment, the roll equation of a cylinder about its center of gravity
(Paulling and Rosenberg, 1959) can be written as

(Ig + µ33)
d2α

dt2
+MbgGMα+Kαyαyo cos(ωyt) = 0, (1)

whereIg is the moment of inertia,µ33 the added moment of in-

ertia,Mb the mass,GM the metacentric height,α the roll dis-
placement,y the heave displacement, andyo the amplitude of
heave displacement (see Fig. 1). The last term of the equation,
Kαy, is the nonlinear restoring moment per unit roll and unit
heave displacements. The nonlinear coefficientKαy was given
in terms of body geometry by Paulling and Rosenberg (1959).
However, for a wall-sided cylinder, it is not difficult to show that
Kαy = ρgOGAw, whereOG is the distance between the cen-
ter of gravity and the body center andAw=B being the (two-
dimensional) waterplane area for the cylinder. Equation (1) can
be nondimensionalized to obtain the standard Mathieu equation
(see for example, Jordan and Smith, 1988):

d2α

dτ2
+ (δ + ε cos τ)α = 0, (2)

δ ≡ (ωα/ωy)2, ε ≡ δ(yo/GM)(Kαy/Mb), (3)

andτ = ωyt. The heave and roll natural frequencies are defined
as

ωy = (ρgB/(Mb + µ22))1/2, (4)

ωα = (MbgGM/(Ig + µ33))1/2. (5)

Equation (2) is known to be unstable atδ ≈ 1/4 even for a
small value ofε, the nonlinear coupling term. This is equivalent
to saying that the cylinder is unstable whenωα/ωy = 1/2 even
with only a small amount of forcing from heave. The stable and
unstable regions were obtained by Stoker (1950) using perturba-
tion methods. This is plotted in Fig. 2, which identifies that the
Mathieu equation is highly unstable aroundδ = 1/4. Beyond this
critical value ofδ, a finite amount of heave forcing is needed to
induce roll instability.

In the figure, additional stable regions due to the presence of a
linear damping term is also plotted. The damped Mathieu equa-
tion with linear coefficientµ, is given by:

d2α

dτ2
+ µ

dα

dτ
+ (δ + ε cos τ)α = 0, (6)

µ ≡ λ33

ωy(Ig + µ33)
. (7)

The source of damping can result from both wave generation and
viscous dissipation associated with the motion. The stability of
Eqn. (6) is well studied especially forδ ≈ 1/4 (e.g., see Jordan
and Smith, 1988). The Mathieu equation with damping is stable
if the index

c1 ≡
[
(δ − 1

4
)2 − 1

4
(ε2 − µ2)

]
> 0. (8)

This means forδ=1/4 Eqn. (6) is unstable wheneverε > µ. Phys-
ically, this implies that a critical amount of damping is needed for
a given heave response in order to suppress the instability. Inves-
tigation of this instability condition in the context of a cylinder in
waves is therefore of fundamental and practical interest.
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A “marginally stable” cylinder
In our laboratory tests and computer modeling, a marginally (dy-
namically) stable rectangular cylinder is designed so that itsδ
value is slightly larger than1/4. The unstable condition of
Eqn. (8) can be acquired presumably by introducing bilge keels.
The argument would be that the bilge keel would increase the
added inertiaµ33, resulting in aδ very much closer to1/4. Thus
the cylinder would easily fall into the unstable region of Fig. 2,
All of these expectations are based on a damping estimate us-
ing inviscid theory alone. In physical reality, while theδ value
moves closer to the critical value of1/4 because of the bilge keels,
the viscous damping or its “linear equivalent ” value will increase
also. As a matter of fact, the damping would increase sufficiently
that the cylinder could remain in the stable region. The laboratory
experiments of Roddier et al (2000) indicate that the cylinder has
no roll stability problem with or without bilge keels. This sub-
tle behavior offers a challenging test for a time-domain computa-
tional model such as FSRVM, which can have viscosity turned on
or off.

The geometrical properties of the cylinder are: beam to draft
ratioB/H = 2, corner radius of bilgesR = 0.0205B, center of
gravityyg = −0.141B, and the radius of gyrationRg = 0.352B.
The depth of the bilge keels is 6% of the beamB. Details of the
keels may be found in Roddier et al. (2000.) To calculate the
resonant frequencies,ωy andωα, the “FSRVM” of Yeung and
Vaidhyanathan (1994) is applied to simulateforcedheave and roll
oscillations to obtain added mass and added moment of inertia
coefficients. Afterµ22 andµ33 are obtained for both inviscid and
viscous solutions over a range of frequency (Yeung et al., 1998),
ωy andωα are calculated through iteration using Eqns. (4) and (5).
The damping or equivalent linear damping coefficientsλ33 are
also obtained through the simulations of forced oscillations.

The stability investigation is performed at an incident-wave fre-
quency ofω̃ ≡ ω

√
B/2g = 0.7455, and wave amplitude to

wavelength ratioA/λ = 2%. This frequency is very close to the
resonant heave frequency of the model. There are four configu-
rations of the cylinders considered in this study: inviscid and vis-
cous fluid simulations for the cylinder, each for the case of with, or
without bilge keels. Table 1 summarizes the estimated parameters
in Eqn. (6) for these four scenarios based on frequency domain so-
lutions. CaseI1 & I2 represent inviscid fluid modeling, whereas
CaseV 1 & V 2 represent full Navier Stokes solutions of the prob-
lem. In the case of viscous flow, the equivalent linear damping
coefficientµ is obtained by Fourier analysis of the time history of
the applied moment.

In Table 1, the stability indexc1 of Eqn. (8) is also shown for
the specific values ofδ, ε, andµ. Thus, the cylinder is stable if
c1 > 0 and vice versa. It is seen that CaseI2, an inviscid model
with bilge keels, will have an unstable roll response, while the
other cases are dynamically stable.

The boundaries of stability in Fig. 2 nearδ = 1/4 can be ob-
tained by setting Eqn. (8) equal to0. Figure 3 shows the “max-
imum” heave-motion parameterε for stability as a function ofδ.
In each curveµ is taken as the minimum damping based on the
specificε andδ values for the case at issue. This plot shows that
CaseI2 is clearly unstable while CaseV 2 has the largest amount
of stability margin.

Time-domain theoretical model
The computational model FSRVM used to obtain the motion of
a freely-floating body in a viscous fluid is fully nonlinear. The
boundary-value problem is defined in Figure 4, where a vorticity
and stream-function formulation is used. The computational do-
main is bounded by the body∂Db, the free surface∂Df , and the

open boundary∂DΣ. On the free surface, an oscillating pressure
patch is used to generate waves. The vorticity equation is solved
by a fractional-step of successive convection and diffusion. The
convection calculations are carried out using a complex-variable
integral-equation formulation. The details can be found in Yeung
and Liao (1999) and Roddier et al. (2000). Applications of FS-
RVM to a fixed submerged body in large waves were considered
in Yeung et al. (1999).

Since the body is freely floating, the boundary conditions on
the body are coupled to the rigid-body dynamics equations. A
methodology is established to couple the body accelerations to the
boundary conditions of the fluid by using Newton’s Second Law.
The following linear system can be derived and solved explicitly
for (ẍb, ÿb, α̈) at anyt.[

(Mb +A11)
A21

(A31 −Mbyog)

A12

(Mb +A22)
(A32 +Mbxog)

(A13 −Mbyog)
(A23 +Mbxog)

(Io +A33)

][
ẍb
ÿb
α̈

]

=

[
W41 +Mbxogα̇

2

W42 +Mbyogα̇
2 −Mbg

W43 −Mbgxog

]
. (9)

In Eqn. (9),Aijs depend only on the contour of∂D. On the other
hand,W4is depend on solutions to the fluid velocity and vorticity
field, which includes effects of wave excitation and hydrostatic
terms.

Numerical results
To establish the validity of the computational model, results given
in Roddier et al. (2000) are shown for assessment. Figure 5
shows a comparison between the calculated and measured free-
surface elevation for a slightly different frequency,ω=̃0.6. The
results of 3 dof of motion response are shown in Fig. 6. Figures
5 and 6 show that the agreement is very good between calculated
and measured results. In the experiments, the model slides unre-
strained along a pair of horizontal guides. The friction of these
guides need to be accounted for (see Case (c)).

If a cylinder is unstable, a valid numerical model should be
able to capture the expected instability. Results of numerical sim-
ulations using the FSRVM model are presented for the four con-
figurations discussed in the previous section (see Table 1). Since
the instability is associated with excessive heave motion, the in-
stability should disappear if the cylinder is restrained in heave.
To verify this, inviscid results are also presented for the cylinder
being restrained in heave and sway.

Figure 7 shows the roll displacements of the freely floating
cylinder cylinder for the same four configurations mentioned. It
can be seen that the response is bounded for all cases except for
the inviscid case with keels (CaseI2). This confirms that the time-
domain modeling of FSRVM can predict the instability correctly.
The roll response for the unstable case shows that the cylinder pri-
marily rolls at the wave frequency for̃t < 10. For t̃ > 10, the
cylinder starts rolling at the roll natural frequency, which is one
half of the wave frequency! Shortly after, the cylinder capsized.
Figure 8 shows two sets of inviscid results of roll displacements
for the cylinder restrained in heave and sway. The roll response
is bounded if there is no heave motion, but grows without bound
when there it is restrained from swaying. This also confirms the
instability is related to the nonlinear coupling between heave and
roll.

Conclusions
The nonlinear effects, associated with bilge keels and fluid vis-
cosity, on the response of cylinders in waves were investigated.
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Case ω̃y ω̃α δ µ ε c1

Inviscid fluid
I1 No keel 0.7603 0.4194 0.3024 0.1680 0.1719 0.00168
I2 With keels 0.7455 0.3736 0.2511 0.1395 0.1545 -0.00110

V iscous fluid
V 1 No keel 0.7604 0.4131 0.2952 0.1791 0.1633 0.00169
V 2 With keels 0.7455 0.3969 0.2834 0.3374 0.1604 0.02361

Table 1: Nondimensional parameters for various numerical cases.

It was shown that the response characteristics were very differ-
ent depending on whether or not bilge keels and fluid viscosity
was considered. For the cylinder with keels, the response showed
that the proper modeling of fluid viscosity was critical in order
to predict the motion correctly. On the other hand, inviscid-fluid
models could predict an instability which is not always present in
the physical world.
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Figure 1: Roll restoring moment with and without heave displace-
ment.
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Figure 2: Stoker’s approximation of stable and unstable regions
for the Mathieu equation.
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Figure 5: Incident and transmitted waves forω̃ = 0.6
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Figure 7: Numerical results of roll displacements for freely float-
ing cylinders,ω̃ = 0.746
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